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Abstract
We extend the disformal transformation to models with two scalar fields and look at
its singular limit. Solving the eigentensor equation for the Jacobian of the transformation
of the metrics we find the two-field extension of the mimetic scenario in the singular
conformal limit. At the background level the setup mimics the roles of dark matter
cosmology. We decompose the perturbations into the adiabatic and entropy modes
in which the adiabatic perturbation is tangential to the classical trajectory while the
entropy mode is perpendicular to it. We show that the adiabatic mode is frozen while
the entropy mode propagates with the sound speed equal to unity with no instabilities.
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1 Introduction
The scalar-tensor theories such as the Brans-Dicke [1], Dirac-Born-Infeld [2] and Horndeski
[3] models are introduced to include a scalar field which makes the longitudinal mode of
gravity dynamical. The scalar field can play the roles of dark matter or dark energy in late
time cosmology and even inflaton in early universe cosmology. In the original formulation
of Brans-Dicke model, the scalar field couples non-minimally to the curvature and it does
not couple to the matter sector. It turns out that the model can be rewritten as a standard
Einstein-Hilbert action, i.e. without any coupling between the scalar field and the curvature,
but now the scalar field couples non-minimally with the matter sector. The first frame is
known as the Jordan frame and the latter is called the Einstein frame. These two frames
are related to each other through a conformal transformation gµν → f(φ)gµν and they are
equivalent at the classical level [4, 5, 6].
In the Dirac-Born-Infeld model, the derivative of scalar field couples non-minimally to the
curvature which can be eliminated through a disformal transformation [7]
gµν → A(φ)gµν +B(φ)φ,µφ,ν , (1)
in which we have used the notation φ,µ ≡ ∂µφ. The Horndeski theories are the most general
scalar tensor models which include the higher derivatives of scalar field in the action while
the equations of motion remain second order and therefore they are free of the so-called
Ostrogradsky ghost [3]. Applying disformal transformation (1) to the Horndeski models, it
is shown that the transformed models still belong to Horndeski models through appropriate
redefinition of the coefficients [8].
Considering the more general disformal transformation
gµν → A(φ)gµν +B(φ,X)φ,µφ,ν , (2)
in which X ≡ gµνφ,µφ,ν, the Horndeski model is converted into the beyond Horndeski model
in which the equation of motion is no longer second order while the setup is still free of the
Ostrogradsky ghost [9]. In this respect, one tempts to consider the most general disformal
transformation of the form
gµν → A(φ,X)gµν +B(φ,X)φ,µφ,ν , (3)
which was first suggested by Bekenstein [10]. Applying the above general disformal trans-
formation to the Horndeski model, one again finds higher derivative models which are free
of Ostrogradsky ghost [11]. In this respect, the disformal transformations reveal that the
equation of motion is not a fundamental criterion to avoid the Ostrogradsky ghost. Recently,
in an interesting paper [12], it is shown that the degeneracy of all these models make them
free of Ostrogradsky ghost even in the presence of higher derivative terms and higher deriva-
tive equations of motion. Such theories, known as DHOST (Degenerate Higher Order Scalar
Tensor), are the most general theories which include the second derivatives of the scalar field
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in the action while are free of the Ostrogradsky ghost. They are formally invariant under
the general disformal transformation (3) [13]. It is important to note that all of the above
discussions are valid only in the absence of matter fields and these models are not invariant
under the disformal transformation in the presence of matter sector.
Of more interests are singular disformal transformations where the number of degrees of
freedom is no longer preserved between the two frames. One can find physically different mod-
els by performing a singular disformal transformation to a well-known scalar-tensor model.
The simplest example is the pure tensorial Einstein-Hilbert action in which under a singular
transformation, the longitudinal mode of gravity becomes dynamical in the new frame. This
scenario is known as the mimetic dark matter in which the scalar field plays the roles of dark
matter [14]. The cosmological and theoretical aspects of the setup have been studied widely
[15]. The original mimetic scenario is free of pathologies but the scalar mode corresponding
to the longitudinal mode of gravity is frozen at the level of linear perturbations [16, 17]. In
order to have a propagating scalar mode, it is suggested to add a higher derivative term to
the action [18] such that the setup still describes dark matter at the level of background [19].
This setup then turns out to be unstable even at the level of linear perturbations [20, 21, 22].
Finally, it is shown that the model can be stabilized by adding some coupling between the
curvature and second derivatives of mimetic scalar field [23, 24, 25].
Here we look for the two-field extension of the original mimetic scenario. In order to do
this, we note that the original single field mimetic scenario can be realized from the singular
limit of the disformal transformation Eq. (3) in the conformal case B = 0 [26, 27, 28]. In this
regard, we first find the two-field extension of the derivatively coupled disformal transforma-
tion Eq. (3) and then look at its singular limit in the special case of conformal transformation.
Interestingly, we find that the two-field generalization of the mimetic scenario still describes a
dark matter-like fluid in cosmological background and also it is free of disastrous pathologies
and provides healthy entropy mode at the level of perturbations.
2 Two-field Disformal Transformation
The natural generalization of the general disformal transformation Eq. (3) to the case of two
scalar fields would have the following form
gµν = Ag˜µν +B φ,µφ,ν + C ψ,µψ,ν +D (φ,µψ,ν + ψ,µφ,ν) , (4)
where A,B,C,D are given functions of φ, ψ,X, Y, Z where X, Y, Z are defined as


X ≡ g˜µνφ,µφ,ν ,
Y ≡ g˜µνψ,µψ,ν ,
Z ≡ g˜µνφ,µψ,ν .
(5)
One may consider gµν as the final “physical” metric while g˜µν may be viewed as the initial
“auxiliary” metric.
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Demanding that the determinant of gµν to be nonzero, we can seek for the inverse metric
gµνg
µα = δαν . (6)
We consider the following form for the inverse metric
gµν = A¯g˜µν + B¯g˜µαg˜νβφ,αφ,β + C¯g˜
µαg˜νβψ,αψ,β + D¯g˜
µαg˜νβ(φ,αψ,β + ψ,αφ,β) , (7)
in which A¯, B¯, C¯, D¯ are unknown functions of φ, ψ,X, Y, Z and our task is to find their explicit
forms in terms of the known functions A,B,C,D in Eq. (4). Substituting Eq. (4) and the
ansatz Eq. (7) into the relation Eq. (6), we find five equations for four undefined functions
A¯, B¯, C¯, D¯. One of these equations turns out not to be independent and therefore we are left
with four independent equations for four undefined functions, yielding the following solutions
A¯ = A−1 ,
B¯ = −AB +BCY −D
2Y
AT
,
C¯ = −AC +BCX −D
2X
AT
,
D¯ = −AD −BCZ +D
2Z
AT
, (8)
in which
T ≡ A2 + (BX + CY + 2DZ)A+ (XY − Z2)(BC −D2) . (9)
A variant of two-field disformal transformation was performed in [29] by applying two
successive single field disformal transformation. However, the last (cross) term in Eq. (4)
cannot be generated by two successive single field disformal transformations of the form Eq.
(3). Having said this, we show in the appendix A that this cross term can be eliminated by
means of an appropriate linear map in cotangent bundle of the field space. Therefore, without
loss of generality we may set D = 0. However, note that even if one starts with no cross term
in gµν by setting D = 0, one still has the cross term D¯ 6= 0 in the inverse metric (7) as can
been from Eq. (8).
To find if the transformation gµν → g˜µν is invertible or under what conditions we can
obtain g˜µν = g˜µν(gµν), we should look at the Jacobian of the transformation
∂gµν
∂g˜αβ
. For the
special case of two-field disformal transformation when the coefficients A,B,C,D are only
functions of φ and ψ, the Jacobian is simply given by ∂gµν
∂g˜αβ
= Aδαµδ
β
ν . Therefore, as long
as A 6= 0, we can re-express the auxiliary metric g˜µν in terms of the physical metric gµν as
g˜µν =
1
A
gµν − BA φ,µφ,ν − CA ψ,µψ,ν − DA (φ,µψ,ν + ψ,µφ,ν).
For the general case where A,B,C,D are functions of not only φ and ψ but also X, Y, Z,
then the Jacobian ∂gµν
∂g˜αβ
does not has a simple form. Equivalently, we can look at the eigenvalue
equation for the determinant of the Jacobian [11](
∂gµν
∂g˜αβ
− λ(n) δαµδβν
)
ξ
(n)
αβ = 0 , (10)
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where λ(n) are the eigenvalues and ξ
(n)
µν are the associated eigentensors. Our task is now to find
the eigenvalues which determine whether or not the disformal transformation (4) is invertible.
2.1 Conformal case
As we have already mentioned in the Introduction section, the original single field mimetic
scenario can be realized from the singular conformal limit of (3). Since we are interested in
two fields extension of the mimetic scenario, in this subsection, we consider the conformal
case with B = C = D = 0 in the general disformal transformation (4). The general case is
studied in the Appendix B.
In the case of two-field conformal transformation, we have
gµν = A(φ, ψ,X, Y, Z) g˜µν . (11)
Clearly, the inverse metric (7) takes the simple form of gµν = A−1 g˜µν which can also be
obtained from (8) when B = C = D = 0.
The eigenvalues equation (10) for the conformal transformation (11) simplifies to
(A− λ)ξµν −
(
A,X〈ξ〉X + A,Y 〈ξ〉Y + A,Z〈ξ〉Z
)
gµν = 0 , (12)
where we have defined
〈ξ〉X ≡ ξαβφ,αφ,β , 〈ξ〉Y ≡ ξαβψ,αψ,β , 〈ξ〉Z ≡ ξαβφ,αψ,β . (13)
There are two types of solutions for the eigenvalue problem (12) which we call “conformal
type solution” and “kinetic type solution.”
The conformal type eigenvalue and the associated eigentensor are given by
λC = A , with A,X〈ξC〉X + A,Y 〈ξC〉Y + A,Z〈ξC〉Z = 0 . (14)
Note that the conformal type eigenvalue is degenerate with multiplicity of 9 since the associ-
ated eigentensors are restricted to the above (single) constraint.
From (12), it is clear that the remaining kinetic type eigentensor will be proportional to
the metric tensor and therefore we find
λK = A− (XA,X + Y A,Y + ZA,Z) , with ξKµν = g˜µν . (15)
Having obtained the eigenvalues (14) and (15) we can easily find the singular limit of
the two-field conformal transformation (11) by demanding that the eigenvalues to vanish.
Before doing this, let us elaborate more on the physical meaning of this condition. Indeed,
in the case of an invertible transformation with non-vanishing eigenvalues (14) and (15),
the scalar fields φ and ψ do not play any significant roles though they appear explicitly in
the action in the transformed frame. This is because we can always perform the inverse
transformation and remove all of the effects of φ and ψ. But, as we will see in the next
5
Section, when the transformation is singular we can not remove the effects of φ and ψ through
any field redefinition. More precisely, the number of physical degrees of freedom does not
change under an invertible disformal/conformal transformation while it changes when the
transformation is singular. In single field mimetic gravity the number of degree of freedom
increases through singular conformal transformation. There are two tensor degrees of freedom
associated to the gravitons in the original (untransformed) frame while there are three degrees
of freedom in the transformed frame [26]. The longitudinal mode of gravity becomes dynamical
in the transformed frame and an extra scalar mode appears. Correspondingly, in the two
field case, we expect that the number of degrees of freedom does not change under regular
conformal transformation (11) (or disformal transformation (4)). However, it increases by
two scalar degrees of freedom, corresponding to two scalar fields φ and ψ, when the conformal
transformation (11) is singular.
In linear cosmological perturbations, the new scalar mode in the original single field
mimetic scenario is not a propagating mode. In other words, the curvature perturbation
is frozen [18]. In correspondence, we also expect to find only one propagating scalar mode
in our two-field extension of original mimetic scenario. We show that the curvature pertur-
bation is still frozen to linear order in cosmological perturbations in our setup while there is
one propagating entropy mode.
3 Two-field Mimetic Dark Matter
Now, let us consider the singular limit of conformal transformation (11). For the conformal
type solution (14) this happens when A = 0 which is not allowed. For the kinetic type solution
(15), however, the singular limit exists with the following condition on A:
A = XA,X + Y A,Y + ZA,Z (singular limit) . (16)
We can obtain the two-field generalization of the mimetic scenario by looking at the singu-
lar limit of the two-field disformal transformation. The nontrivial solution for the conformal
factor A satisfying condition (16) is
A = −αX − β Y − 2γ Z . (17)
where α, β, and γ are arbitrary functions of the scalar fields φ and ψ and the minus signs
and the factor 2 in front of the last term are considered for convenience.
In the appendix A we have shown that the cross term defined by Z in Eq. (17) can be
removed through the linear transformation Eq. (A-55). Therefore, without loss of generality,
we can set γ = 0 in the analysis below.
Substituting Eq. (17) in Eq. (11), we find that the singular conformal transformation
would have the following form
gµν = −
(
α g˜σρφσφρ + β g˜
σρψσψρ
)
g˜µν . (18)
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Note that we can not obtain g˜µν as a function of gµν which demonstrates the singular
nature of the above transformation. It is also easy to check that the physical metric gµν is
invariant under conformal transformation of the auxiliary metric g˜µν . In addition, the inverse
of the metric gµν from (18) can be read off as
gµν = −(α g˜σρφσφρ + β g˜σρψσψρ)−1g˜µν . (19)
Contracting both sides of the above relation with φµφν and ψµψν we obtain g
µνφµφν =
−X/(αX + βY ) and gµνψµψν = −Y/(αX + βY ) which implies
α(φ, ψ)gµνφµφν + β(φ, ψ)g
µνψµψν = −1 . (20)
Therefore, the two-field conformal transformation (11) is not invertible if the physical
metric satisfies the above constraint. It is easy to see that all of the above results reduce to
the case of single field mimetic scenario when β = 0 (α = 0) and α = const. (β = const.).
The special case of α = α(φ) and β = β(ψ) coincides with the model proposed in [30] if we
neglect the electromagnetic field in that model.
The shift symmetry condition for the scalar fields is not necessary for the conformal
transformation (11) to be singular. However, this condition is imposed in the original mimetic
scenario [14] in order to obtain a dark matter-like fluid. More precisely, as we will explicitly
show here, the existence of the Noether current associated with the shift symmetry provides
a dark matter-like energy density component at the cosmological background. Therefore, we
assume the shift symmetry for both scalar fields φ and ψ. Moreover, instead of applying the
singular transformation Eq. (18) directly, it is convenient to include the constraint Eq. (20)
into the action through a Lagrange multiplier [31] (see also[32]) so that the action of our
model takes the following form
S =
∫
d4x
√−g
[
1
2
R + λ˜ (αgµνφ,µφ,ν + βg
µνψ,µψ,ν + 1)
]
, (21)
in which λ˜ is a Lagrange multiplier which enforces the mimetic constraint (20). Note that
the two functions α and β are constant since we have imposed the shift symmetry for both
scalar fields. Now, without loss of generality, we can absorb constants α and β into the fields
through the field redefinitions φ→ φ/√α and ψ → ψ/√β. The ratio of these constants β/α,
however, determines the relative contributions of each scalar field to the total kinetic term.
In other words, it is plausible to expect that this ratio would be related to the entropy of the
fluid that describes our model. Therefore, we absorb α in the auxiliary field through the field
redefinition λ˜→ λ/α but keep β by defining the constant parameter S =√β/α. If we set S
to zero, all the effects of the extra field ψ disappear and we find a single field mimetic scenario.
Therefore S would be related to the entropy in some sense. We will see that this is indeed
the case and S is nothing but the constant value of the entropy field at the background.
With these discussions, the action (21) becomes
S =
∫
d4x
√−g
[
1
2
R + λ
(
gµνφ,µφ,ν + S2gµνψ,µψ,ν + 1
)]
, (22)
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where λ enforces the mimetic constraint
gµνφ,µφ,ν + S2gµνψ,µψ,ν = −1 . (23)
Varying the action (22) with respect to the metric gµν , one leads to the Einstein fields
equations Gµν = Tµν in which the effective energy momentum tensor is given by
T µν = −2λ
(
φ,µφ,ν + S2ψ,µψ,ν
)
. (24)
Note that the energy momentum tensor also contains a term of the form of δµν (g
αβφ,αφ,β +
S2gαβψ,αψ,β + 1) which vanishes after imposing the constraint Eq. (23).
In addition, varying the action with respect to φ and ψ yields the modified Klein-Gordon
equations (√−g λ φ,µ)
,µ
= 0,
(√−g λSψ,µ)
,µ
= 0. (25)
The above equations show that the quantities
√−g λ φ,µ and √−g λSψ,µ are conserved.
Indeed, these are nothing but the Noether currents associated with the shift symmetries
φ→ φ+ const. and ψ → ψ + const. respectively. Thus, we have
φ,µ =
αµ√−g λ, Sψ
,µ =
βµ√−g λ, (26)
where αµ and βµ are constants of integrations. We assume that both φµ and ψµ to be timelike
and therefore the mimetic constraint (23) is satisfied in either case of φ = 0 or ψ = 0. In this
respect, αµ and βµ would be timelike vectors with constant components so that αµα
µ < 0
and βµβ
µ < 0. Substituting (26) into the mimetic constraint (23) and then taking the square
root, we we find
λ =
√−(αµαµ + βµβµ)√−g . (27)
From (24), we see that the energy density is proportional to λ and, as we shall see below from
Eq. (34), our setup provides an energy density component which behaves like dark matter
at the cosmological background. Note that if we do not assume shift symmetry, then the
derivatives of functions α and β would appear in the right hand side of (25) and therefore we
could not obtain Eq. (27). This is the reason why we have assumed shift symmetry in our
setup.
4 Cosmological Implications
In this section, we study cosmological implications of the two-field mimetic dark matter model
(22) at the background and perturbation levels.
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4.1 Background equations
We consider a spatially flat FRW background with spacetime metric
ds2 = −dt2 + a(t)2dx2 , (28)
where a(t) is the scale factor and t is the cosmic time. The mimetic constraint (23) then
implies
φ˙2 + S2ψ˙2 = 1 . (29)
The Einstein’s equations at the cosmological background give
3H2 = −2λ , (30)
and
2H˙ + 3H2 = 0 , (31)
in which H = a˙(t)/a(t) is the Hubble expansion rate and also we have used the mimetic
constraint (29). From the above equations, one can solve for λ, obtaining
λ = H˙ . (32)
In addition, the modified Klein-Gordon equations (25) give the following results
λa3φ˙ = c1 , λa
3ψ˙ = c2 , (33)
where c1 and c2 are some constants of integration. The constraint mimetic (29) together with
the modified Klein-Gordon equations (33) imply
λ ∝ a−3 . (34)
The above result can be also obtained from Eq. (27) evaluated in cosmological background
(28). On the other hand, from the energy momentum tensor Eq. (24), we can read the energy
density and the pressure as ρ = −T 00 and P = 13T ii , which after substituting from (29) and
(34), result in ρ ∝ a−3 and P = 0.
Thus, although there are two scalar fields in our setup, but similar to the case of standard
mimetic scenario [14], it describes a fluid which behaves like the dark matter. In the next
subsection, we make clear this apparent similarity with the case of single field by means of
an appropriate decomposition of the scalar fields in the field space.
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4.2 Adiabatic and entropy decomposition
Comparing the constraint equation (29) in our setup with its counterpart in single field
scenario φ˙2 = 1, we find that neither of the fields φ and ψ individually play the role of the
mimetic field in single field scenario. So, it is useful to consider a transformation in field space
such that one of the new fields plays the role of mimetic field as in single field scenario. In
this respect, we can understand how the setup still describes dark matter-like fluid even in
the presence of an extra scalar field. Following Ref. [33], we decompose φ and ψ into the
adiabatic σ and entropy s components through a rotation in field space as
σ˙ = (cos θ) φ˙+ (sin θ)Sψ˙ , (35)
and
s˙ = −(sin θ) φ˙+ (cos θ)Sψ˙ , (36)
where we have defined
cos θ ≡ φ˙√
φ˙2 + S2ψ˙2
, sin θ ≡ Sψ˙√
φ˙2 + S2ψ˙2
. (37)
Substituting Eq. (37) in Eq. (35) and then again using mimetic constraint (29), we find
σ˙ = 1. (38)
From the above relation it is clear that the field σ, which determines the path length along the
classical trajectory, plays the role of mimetic field in single field scenario at the background
level. We will see that it behaves the same as the mimetic field at the perturbations level as
well.
Substituting Eq. (37) in Eq. (36), yields
s˙ = 0 , (39)
which shows that the entropy field is constant at the background level. This result is consistent
with the expectation that at the background level there is no displacement in the direction
perpendicular to classical trajectory [34]. This constant value s is nothing but the parameter
S which we have already defined in the previous section. To see this fact explicitly, note that
if we set S to be zero, from (37) we have cos θ = 1 and sin θ = 0 which after substituting in
(35) gives σ˙ = φ˙. This result confirms that the parameter S is the value of entropy field at
the background. From now on, without loss of generality we absorb it into the field ψ through
the field redefinition ψ → ψ/S.
Using the mimetic constraint Eq. (29) in Eq. (37), we find cos θ = φ˙ and sin θ = sψ˙.
Taking the time derivative and then combining the results, it is easy to show that
θ˙ = s(φ˙ψ¨ − ψ˙φ¨) = 0 , (40)
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where in the last step we have used the fact that φ˙ψ¨ = ψ˙φ¨ which can be deduced by taking
the time derivative of the (33).
Note that θ represents the rotation angle in field space and in general it can be time
dependent. The above relation however shows that we deal with a constant rotation in field
space. This is originated from the assumption that the model enjoys a shift symmetry in field
space and there is no potential term. This changes when a potential term is added to the
setup.
At the level of perturbation, the fluctuation in scalar fields δφ and δψ are mapped to the
adiabatic δσ and entropic δs fluctuations given by
δσ = (cos θ)δφ+ (sin θ)δψ , (41)
δs = −(sin θ)δφ+ (cos θ)δψ .
In this view, δσ represents the contribution of two fields perturbations δφ and δψ along
the direction of background trajectory while δs represents the fluctuations orthogonal to the
classical trajectory.
4.3 Perturbations in comoving gauge
In this section we present the cosmological perturbations analysis. To confirm that the results
are not artifacts of specific gauge in which we are working, we perform the analysis in both
comoving and spatially flat gauges. Here we present the analysis in comoving gauge while
the analysis in flat gauge are relegated into the appendix C. Moreover, we do not consider
the coupling to the Standard Model fields in our model. Indeed, it is an open issue that to
which metric the Standard Model fields is minimally coupled when one performs a disfor-
mal/conformal transformation. For instance, if the matter minimally couples to the physical
metric gµν in (3), it should be non-minimally coupled to the auxiliary metric in the original
frame and vice versa [11]. In addition, as we will show later on, our model (22) obtained by
performing a singular conformal transformation to the Einstein-Hilbert action, can provide a
propagating scalar mode even in the absence of ordinary matter. Here, we only perform the
perturbation analysis of our model in the absence of ordinary matter in order to see whether
or not the new propagating scalar mode in our model is free of disastrous pathologies.
In standard ADM decomposition, the metric perturbations are given by
ds2 = −N2dt2 + hij(dxi +N idt)(dxj +N jdt) , (42)
in which N is the lapse function, N i are the components of shift vector, and hij is the metric
of the three-dimensional spatial part. In general, hij contains two scalar degrees of freedom,
which after fixing one of them through choosing a gauge, it can be cast into the diagonal form
hij = a
2e2ψ(3)δij . (43)
On the other hand, the curvature perturbation is defined as R ≡ ψ(3) + Hσ˙ δσ which after
imposing the mimetic constraint Eq. (38) becomes
R = ψ(3) +Hδσ . (44)
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Working in comoving gauge δσ = 0, ψ(3) coincides with the curvature perturbation and
we therefore set ψ(3) = R in the following analysis.
We are interested in scalar perturbations and we thus consider the first order scalar per-
turbations in metric such that1
N = 1 +N1, N
i = ∂iB, hij = a
2e2Rδij . (45)
Using the Guass-Codazzi relation R = (3)R+KijK
ij−K2 in which (3)R is the spatial curvature
associated to the metric hij , Kij =
1
2N
(h˙ij − ∇iNj − ∇jNi) is the extrinsic curvature, and
K = Kii , and then substituting from Eq. (42) together with Eq. (45), it is straightforward to
show that the action (22) for the second order scalar perturbations takes the following form
S(2)com =
∫
d4x a3
(
L
(2)
EH + L
(2)
M
)
, (46)
in which L
(2)
EH represents the contribution of the Einstein-Hilbert term given by
L
(2)
EH = −3R˙2 − 18HRR˙ −
27
2
H2R2 + 6HN1R˙+ 9H2N1R− 3H2N21 (47)
− 1
a2
(
(∂R)2 + 2(N1 +R)∂2R
)
− 2H(N1 − 3R)∂2B + 6H∂iR∂iB + 2R˙∂2B
+ ∂i∂jB∂i∂jB −
(
∂2B
)2
,
and L
(2)
M denotes the contribution from the mimetic matter fields which is given by
L
(2)
M = −λ¯
(
δs˙2 +N21 − 6N1R
)
+ 2λ(1)N1 , (48)
in which λ¯ denotes the background value of the Lagrange multiplier λ and λ(1) is its first
order perturbation.
Going to Fourier space and doing some integration by parts, we obtain the following
Lagrangian density for the second order action2 Eq. (46)
L(2)com =
3
2
a3H2δs˙2 − 3
2
aH2k2δs2 − 3a3R˙2 + 2a3(3HN1 − k2B)R˙+ ak2R2 (49)
+ 2ak2N1R− 3
2
a3H2N21 + 2a
3Hk2BN1 + 2a
3λ(1)N1
where we have substituted H˙ = −3
2
H2 and λ = H˙ from Eqs. (31) and (32) respectively.
The equation of motion for λ(1) and B from the Lagrangian Eq. (49) lead to the following
two constraints
N1 = 0 , (50)
1We use B for both scalar perturbations in this Section and coefficient of the disformal term in the previous
Section. Since in the current Section the disformal coefficient is zero it does not cause confusion.
2Note that we do not write the dependence of perturbations on Fourier wave number k and R(k) is simply
denoted by R and so on.
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and
R˙ = 0 . (51)
The above relation shows that the curvature perturbation R does not propagate in our setup.
This result is similar to the case of single field mimetic matter scenario [14].
Plugging the above results into the equation of motion for N1, we obtain the following
solution for B
B = − R
a2H
− λ
(1)
k2H
. (52)
Substituting the above results in (49), the reduced Lagrangian for the second order pertur-
bation in comoving gauge is obtained to be
L(2)com =
3
2
a3H2δs˙2 − 3
2
aH2k2δs2 + ak2R2 . (53)
In order to study the stability of the setup, we should obtain the Hamiltonian. The associated
canonical momenta are given by ΠR = 0 and Πδs = 3a
3H2δs˙. So, we have to implement the
primary constraint ΠR = 0 which leads to the secondary constraint R = 0 through the
consistency condition Π˙R = 0. More precisely, both of the constraints are second class and
therefore the total number of physical degrees of freedom is one which is δs (the phase space
is two-dimensional).
After imposing the constraints, the reduced Hamiltonian is given by
H(2)com =
Π2δs
6a3H2
+
3
2
aH2k2δs2 . (54)
From the above Hamiltonian function, it is clear that there is only one propagating mode, δs,
which is healthy, propagating with the speed of unity.
Note that, as in original mimetic model, the adiabatic mimetic mode σ is non-propagating.
This is in line with the fact that the mimetic background describes a fluid with no pressure
so one expects the sound speed for the adiabatic mode to be zero. As a result there is no
notion of quantum wave describing the mimetic field perturbations. It is expected that the
perturbations in the adiabatic mimetic field with no pressure to generate caustic instabilities
in dark matter perturbations so the two-field mimetic setup with zero sound speed may not
be appealing. However look at [35, 36] and [37, 38] where it was argued that this may not be
a serious problem. On the other hand, in the two-dimensional field space, the perturbations
perpendicular to background trajectory is excited and can be used in cosmological applications
of mimetic scenario.
5 Discussions
The mimetic gravity scenario can be uniquely obtained from the singular limit of disformal
transformation. Therefore, in order to find the two-field extension of the standard mimetic
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gravity, we have extended the disformal transformation to the case of two scalar fields. The
most general form of the two-field disformal transformation (4) would contain a cross term
between two scalar fields labeled by the coefficient D. Performing two successive disformal
transformations cannot generate this cross term. However, we have shown that this cross
term can be removed through a one-to-one linear transformation in cotangent space of the
field space. This shows that the most general two-field disformal transformation is equivalent
to two successive single field disformal transformations. We then studied the transformation
between the “physical” and the original “auxiliary” metrics through the Jacobian of the
transformation. Solving the corresponding eigentensor equation, we have found the associated
eigentensors and eigenvalues. We then looked at the singular limit of the conformal two-field
transformation as the two-field generalization of the mimetic scenario.
At the cosmological background, the setup describes a dark matter-like fluid much sim-
ilar to the standard single field mimetic scenario. However, as expected, they differ at the
perturbation level. Decomposing the modes into the adiabatic and entropy components, we
have found that, similar to the standard single field mimetic model, the adiabatic mode does
not propagate in this model. But, the entropy mode, originating from the extra scalar field in
our setup, propagates with speed of unity and is free of any disastrous pathologies. In order
to make sure that these results are not artifacts of any particular gauge which one uses, we
have performed the perturbations analysis in both comoving and spatially flat gauges.
There is a number of directions in which the current analysis can be extended. The first
direction is to consider N > 2 multiple fields mimetic setup. For this purpose, one has to
extend the disformal transformation to N fields and then look for its singular limit. The
eigenvalue and the eigentensor analysis for the general disformal transformation are expected
to be very complicated. However, as in the current work, much insights can be obtained if
one looks at the conformal limit. The second direction is to break the assumption of shift
symmetry and allow a potential term V (φ, ψ) in the constrained Lagrangian Eq. (22). The
experience with the single field mimetic setup indicates that the adiabatic mode is no longer
frozen. Furthermore, it is expected to suffer from pathologies such as the ghost and gradient
instabilities. To remedy these pathologies, as in standard mimetic scenario, one may need to
couple the higher derivatives of mimetic fields to curvature terms. It is an interesting exercise
to see if one can get healthy propagating adiabatic modes by coupling the higher derivatives
of the mimetic fields to curvature terms when the shift symmetry is broken.
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A Diagonalizing two-field disformal transformation
In this Appendix, our aim is to show that it is always possible to remove the off-diagonal
term, controlled by the coefficient D, in the two-field disformal transformation (4) by means
of an appropriate transformation.
We therefore consider the following linear map in cotangent space of the field space
dφ = α1 dχ+ α2 dη ,
dψ = α3 dχ+ α4 dη , (A-55)
in which αi are functions of φ, ψ, X , Y , and Z which are defined as
α1 ≡ ∂φ∂χ , α2 ≡ ∂φ∂η ,
α3 ≡ ∂ψ∂χ , α4 ≡ ∂ψ∂η .
In matrix notation, transformation (A-55) can be rewritten as
(
dφ
dψ
)
=
(
α1 α2
α3 α4
)(
dχ
dη
)
, (A-56)
and to have invertible transformation, we demand that the determinant of the transformation
matrix to be nonzero
detα = α1α4 − α2α3 6= 0 . (A-57)
In component form, transformation (A-55) also implies
φ,µ = α1 χ,µ + α2 η,µ ,
ψ,µ = α3 χ,µ + α4 η,µ . (A-58)
Substituting (A-58) into the two-field disformal transformation (4), we find
gµν = Ag˜µν + B˜χ,µχ,ν + C˜η,µη,ν + D˜(χ,µη,ν + η,µχ,ν) , (A-59)
in which we have defined
B˜ ≡ α21B + α23C + 2α1α3D , (A-60)
C˜ ≡ α22B + α24C + 2α2α4D ,
D˜ ≡ α1α2B + α3α4C + (α1α4 + α2α3)D .
The coefficients A, B˜, C˜, D˜ are now functions of χ, η, X˜ , Y˜ , and Z˜ which are defined as


X˜ = g˜µν∂µχ∂νχ ,
Y˜ = g˜µν∂µη∂νη ,
Z˜ = g˜µν∂µχ∂νη ,
(A-61)
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which are linearly related to their old counterparts as follows
X˜ = (detα)−2
(
α24X + α
2
2Y − 2α2α4Z
)
, (A-62)
Y˜ = (detα)−2
(
α23X + α
2
1Y − 2α1α3Z
)
,
Z˜ = (detα)−2
(
α3α4X + α1α2Y − (α2α3 + α1α4)Z
)
.
In order to remove the off-diagonal term, we demand that D˜ = 0 in (A-60), which after
solving for α4, gives
α4 = −
(
α1B + α3D
α1D + α3C
)
α2 . (A-63)
Substituting the above solution in (A-59) we can remove the off-diagonal term and there-
fore we are left with the diagonal two-field disformal transformation
gµν = Ag˜µν + B˜χ,µχ,ν + C˜η,µη,ν . (A-64)
Let us consider the simple case of detα = 1 and α3 = 0 and α1 = 1 which implies α4 = 1 and
α2 = −D/B. Substituting these particular choices in (A-58), we can easily find
φ,µ = χ,µ − (D/B) η,µ ,
ψ,µ = η,µ . (A-65)
It is easy to directly check that the above simple linear transformation diagonalizes the
two-field disformal transformation (4) as
gµν = A g˜µν +B χ,µχ,ν +
(
C − D
2
B
)
η,µη,ν . (A-66)
Therefore, we can always remove the off-diagonal term in (4) such that it takes the diagonal
form (A-64). But, from (8) it is clear that D¯ is nonzero even if we set D = 0. This means
that the inverse metric g˜µν in (7) would have an off-diagonal term even if we start with a
diagonal form in g˜µν .
Moreover, if we apply the transformation (A-58) into Eq. (17) through identifying B, C
and D with α, β, and γ respectively, it is straightforward to show that the term proportional
to Z can be removed. For simplicity, we work with the particular case (A-65), which after
the above mentioned identification of the coefficients, transforms Eq. (17) into the following
canonical form
A = αX˜ +
(
β − γ
2
α
)
Y˜ . (A-67)
So without loss of generality, we can set γ = 0 in Eq. (17).
B Eigenvalue problem for the most general two-field
disformal transformation
In this Appendix, we solve the eigenvalue problem Eq. (10) in its most general form. In the
case of two-field disformal transformation Eq. (4), Eq. (10) takes the following form
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(A− λ)ξµν −Mαβµν ξαβ = 0 , (A-68)
where we have defined
Mαβµν =
(
A,X g˜µν +B,Xφ,µφ,ν + C,Xψ,µψ,ν +D,X(φ,µψ,ν + ψ,µφ,ν)
)
φ,αφ,β
+
(
A,Y g˜µν +B,Y φ,µφ,ν + C,Y ψ,µψ,ν +D,Y (φ,µψ,ν + ψ,µφ,ν)
)
ψ,αψ,β (A-69)
+
(
A,Z g˜µν +B,Zφ,µφ,ν + C,Zψ,µψ,µ +D,Z(φ,µψ,ν + ψ,µφ,ν)
)
φ,αψ,β .
The above equation is also the equation for eigenvalues and eigentensors ofMαβµν . In order
to solve the above eigenvalue equation, we note that we deal with the space of all symmetric
4 × 4 matrices which can be spanned by means of ten tensor basis e(i)µν with i = 1, .., 10.
Working with orthonormal orthogonal basis, we have
e(i)µν e(j)µν = δ
i
j . (A-70)
Therefore, we can expand g˜µν , φ,µφ,ν, ψ,µψ,ν , and φ,µψ,ν in terms of these basis as
3
ζIµν =
10∑
i=1
cIi e
(i)
µν , (A-71)
where I = 1, 2, 3, 4 corresponds to g˜µν , φ,µφ,ν , ψ,µψ,ν , and φ,µψ,ν respectively and c
I
i are clearly
the associated components. If we fix the explicit form of the basis then we can find the explicit
form of the components cIi . However, as we shall see, we do not need to fix the explicit form
of basis.
In the same way, the eigentensors can be expanded in terms of basis (A-70) as follows
ξµν =
10∑
i=1
aie
(i)
µν , (A-72)
where ai are the associated components.
Substituting Eq. (A-71) into Eq. (A-69), we can express Mαβµν in terms of the basis Eq.
(A-70) as
Mαβµν =
10∑
i,j=1
4∑
I,J=1
MIJc
I
i c
Jje(i)µνe
αβ
(j) , (A-73)
in which we have defined 4× 4 matrix MIJ as follows
3Note that we can expand all 4×4 matrices in terms of tetrads. But, here we just deal with the symmetric
subset of all 4 × 4 matrices and we prefer to work with ten tensor basis (A-70) which are sufficient and also
more appropriate for our purpose in this paper.
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MIJ =


0 A,X A,Y A,Z
0 B,X B,Y B,Z
0 C,X C,Y C,Z
0 2D,X 2D,Y 2D,Z

 .
Substituting Eq. (A-73) together with Eq. (A-72) into the eigenvalue equation (A-68)
and using orthogonality condition Eq. (A-70) give
10∑
i=1
e(i)µν
[
(A− λ)ai −
10∑
j=1
4∑
I,J=1
MIJc
Jjajc
I
i
]
= 0 . (A-74)
From the above eigenvalue equation, it is clear that the conformal type eigenvalue is again
a solution with
λC = A , with
10∑
i,j=1
4∑
I,J=1
MIJc
Jjajc
I
i e
(i)
µν = 0 . (A-75)
Note that this imposes one constraint on the eigentensors and therefore the conformal type
eigenvalue is degenerate with multiplicity of 9.
For the remaining eigenvalue, we note that Eq. (A-74) can be satisfied for the eigentensor
ξµν =
∑4
I=1 a˜Iζ
I
µν =
∑4
I=1
∑10
i=1 a˜Ic
I
i e
(i)
µν in which a˜I are components of ai in direction of c
I
i
(we have used Eq. (A-71) as well). Substituting this ansatz into Eq. (A-74), we find that
a˜I∝
∑10
j=1
∑4
I,J,K=1MIJc
Jja˜Kc
K
j . Therefore, the kinetic type eigenvalue and the corresponding
eigentensor in Eq. (A-74) will be
λK = A− a , with ξKµν = a
10∑
j=1
4∑
I,J,K=1
MIJc
Jja˜Kc
K
j c
I
i e
(i)
µν , (A-76)
where a is an unknown function of φ, ψ,X, Y, Z.
Our aim is now to find the explicit form of the kinetic eigenvalue or equivalently to find
the explicit form of a. In order to do this, we note that the kinetic eigentensor is aligned
in direction of cIi as ξ
K
µν =
∑4
I=1 a˜Iζ
I
µν =
∑4
I=1
∑10
i=1 a˜Ic
I
i e
(i)
µν . Therefore, it is clear that
ξKµν ∝ ag˜µν + bφ,µφ,ν + cψ,µψ,ν + d(φ,µψ,ν + ψ,µφ,ν) in which
a =A,X〈ξK〉X + A,Y 〈ξK〉Y + A,Z〈ξK〉Z ,
b =B,X〈ξK〉X +B,Y 〈ξK〉Y +B,Z〈ξK〉Z ,
c =C,X〈ξK〉X + C,Y 〈ξK〉Y + C,Z〈ξK〉Z ,
d =D,X〈ξK〉X +D,Y 〈ξK〉Y +D,Z〈ξK〉Z , (A-77)
are defined from Eq. (10). We show that a in the above relation coincides with what is already
defined in Eq. (A-76). The normalization factor is however important since the coefficient
a is defined in terms of 〈ξK〉X , 〈ξK〉Y , and 〈ξK〉Z in Eq. (A-77). We therefore consider the
following combination
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ξKµν = g˜µν +
b
a
φ,µφ,ν +
c
a
ψ,µψ,ν +
d
a
(φ,µψ,ν + ψ,µφ,ν) . (A-78)
In order to find the explicit form of a, b, c, d, we need to determine the various components in
Eq. (13) in the case of (A-78). We therefore contract (A-78) with φ,µφ,ν , ψ,µψ,ν and φ,µψ,ν
which give
a〈ξK〉X = aX + bX2 + cZ2 + 2dXZ
a〈ξK〉Y = bY + bZ2 + cY 2 + 2dY Z
a〈ξK〉Z = aZ + bXZ + cY Z + d(XY + Z2) . (A-79)
These are algebraic second order equations which can be solved to obtain the explicit so-
lutions for 〈ξK〉X , 〈ξK〉Y , and 〈ξK〉Z . After finding them, the explicit form of a, b, c, d will
be determined. We do not write the explicit forms of the kinetic type eigenvalues and their
associated eigentensors since they have messy expressions.
For the conformal case with b = c = d = 0, Eq. (A-78) becomes ξKµν = g˜µν . From Eq.
(A-79) we obtain 〈ξK〉X = X , 〈ξK〉Y = Y , and 〈ξK〉Z = Z which after substituting in (A-77)
yields a = XA,X + Y A,Y + ZA,Z and the corresponding eigenvalue Eq. (A-76) correctly
coincides with Eq. (15).
For the single field case with ψ ≡ 0, from Eq. (A-79) we have 〈ξK〉X = X+
(
b
a
)
X2 and the
coefficients a and b are given by a = A,X〈ξK〉X and b = B,X〈ξK〉X through their definitions
Eq. (A-77). The eigentensor (A-78) then turns out to be ξKµν = g˜µν +
(B,X
A,X
)
φ,µφ,ν and the
corresponding eigenvalue can be read from (A-76) as λK = A−XA,X −X2B,X in agreement
with the results of [11].
C Perturbations in spatially flat gauge
In this appendix we present the cosmological perturbation analysis in spatially flat gauge.
We show that the results are consistent with those obtained in the comoving gauge.
In spatially flat gauge ψ(3) = 0 and therefore hij = a
2δij . The perturbed metric then takes
the following simple form
N = 1 +N1, N
i = ∂iB, (A-80)
in which, as before, N1 and B characterize the scalar perturbations in metric. For the matter
part, there are two other scalar perturbations δs and δσ. Substituting (A-80) in (22), it is
straightforward to show that the quadratic action is
S
(2)
flat =
∫
d4x a3
(
L
(2)
EH + L
(2)
M
)
, (A-81)
in which L
(2)
EH represents the contribution of the Einstein-Hilbert term in spatially flat gauge
L
(2)
EH = −3H2N21 − 2HN1∂2B + ∂i∂jB∂i∂jB −
(
∂2B
)2
, (A-82)
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and L
(2)
M denotes the contribution of the matter part
L
(2)
M = −λ¯
(
δs˙2 + δσ˙2 +N21 − 2N1δσ˙ − 2∂iδσ∂iB − a−2(∂δs)2 − a−2(∂δσ)2
)
+ 2λ(1)(N1 − δσ˙) . (A-83)
Going to Fourier space, we obtain the following reduced Lagrangian for the second order
action (A-81)
L(2)flat =
3
2
a3H2δs˙2 − 3
2
aH2k2δs2 +
3
2
a3H2δσ˙2 − 3
2
aH2k2δσ2 (A-84)
− 3
2
a3H2N21 − 3a3H2N1δσ˙ + 2a3Hk2BN1 − 3a3H2k2Bδσ + 2a3λ(1)(N1 − δσ˙) ,
where again we have substituted H˙ = −3
2
H2 and λ = H˙ from Eqs. (31) and (32).
The equation of motion for λ(1) then gives
N1 = δσ˙ . (A-85)
Substituting this into (A-84), the resultant Lagrangian gives the following equation of motion
for the variation of the B field
δσ˙ =
3
2
Hδσ . (A-86)
From the definition (44), the curvature perturbation in spatially flat gauge is given by R =
Hδσ which from (A-86) we conclude R˙ = 0 as before.
Substituting the above results into the Lagrangian (A-84) gives
L(2)flat =
3
2
a3H2δs˙2 − 3
2
aH2k2δs2 − 3
4
aH2
(
2k2 + 9a2H2
)
δσ2 . (A-87)
Going to the Hamiltonian formalism, the associated canonical momenta are given by Πδσ = 0
and Πδs = 3a
3H2δs˙. Therefore, Πδσ = 0 is a primary constraint which generates the secondary
constraint δσ = 0 through the consistency condition Π˙δσ = 0. It is not difficult to show that
after imposing the constraints, the resultant reduced Hamiltonian coincides exactly with Eq.
(54) that we have obtained in comoving gauge in subsection 4.3. The stability analysis is
therefore the same as in subsection 4.3 and this can be seen as a consistency check of our
calculations.
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